
Functions
--

Det Let A ,
B be sets

.

f : A -> is is a function if f assigns
to each at A a

"f from A to B" single value beB ,

denoted f(a) .

Equivalently , f has 3 properties :

1) for each at A , f(a) is defined .

a
-> f(a)O

A

2) For each at A
,
fal does not

produce 2 different outputs .

only if

·

~
f(a) = b , b ,

= bzO-> f(a) = bz
A



3) for each atA , f(a)GB .

a b
,Of Oa-88.

A B

f : A+ B

A is the domain of f
-

B is the ↳main of f

The range of f is [f(a) : at A3-

range & Codomain

Let A = 21
,
2
, 33 props :

Let B
=

2 x , y3 (1) FacA
,
f(a) r

is defined

***** (2) FatA
, f(c)

x
= f(l)

2 y
= f(z) does not produce,

3 x
= f(3) 2 diff . outputs

(37 FatA ,
f(a) - B W



-exactly I row for every element of A
- some elements of B can have zero
rows

,
or elements of B can have

multiple rows

ex f : RTR defined byx ?
--

domain : R
codomain

: R

range
: R
** Creals greater man or equal to-

oh
Intuitive "proof" of 3 properties :

(1) FxGR , f(x) = x 2 ~

(2) Yx=1R , f(x) = x
2

,
a single value

(3) *xt IR , f(x) EIR ,
because x ER

&x f
: R- RC0 , f(x) = x2

- is not a function .

violates (3) . Consider I GR .

f(2)=
4 # RC0

& : + 2) defined by s(x)
=

x + 1
-

"Successor function"



domain
,
codomain : 2

range
:

sim S : 2)- 2) is a function .

Prof We prove all 3 properties .

1) FxGZ
,
s(x) is defined as x+

.

2) To show *xcZ , S(x) does not
produce I diff . outputs, we show
that if six) = a and S(x)= b

, then

a
= b .

-

--

Assume s(x) = a and S(x) = b
.

a
= ⑰x) , b

= x + 1 det
.

of S

a= b substitution

3) WTS (want to show) * xc2 , S(x)c2 ·

S(x) = x+1
, which is an integer because

int+ int= int .



Examples from last time :

1
.

.&⑳

.-
Properties :

1) Defined *x=2 :

yes . g(x) = 5 .

I -

=> xx= , g(x) maps to only one output .
Proof :

let 2 and g(x) = a and g(x) = b .X
- >

-

a
= 5 b = 5 det . of 5)- I
-

a
= b substitution.

B-

3) fx +z , g(x) = 2) . Yes - -2) .

>

Domain : 2
-

Codomain : 2
>-

Range : [53

2 .

--

Properties :

# Defined *xc2)
:

yes .

=> xxzz , E(x) maps to only one
out put .



Proof :

Let x = 2 .

wis that if a and
-

E(x) = b , then a = b .

-- --

-

we prove using cases .

Case 1 : X is even .

-

Let E(x) = a and E(x) = b
.

Since x is

even , a : T and b = T, so a = b
.

Case 2 : X is odd .
-

let E(x) = a and E(x) = b . Since x is
odd , a = F and b = F

,
so a = b

.

Since the claim is true in all cases ,
the claim is true .

3) *xc2 , E(x) = ET, F3 . Yes .
-

Domain : 2

codomain : 2T, F3Y

*Range
: ET ,F}

3
.

-

----
--

Not a function
! Fails propertyB

ForArg&"
0

,: x -1 = p- 1=
0

.



H -

*

Not a function ! Fails property 2 .

-

For15= Z
S the number mose abs.

val is 5 is botn-5 and
5.

violates property 1 .

Consider x = -5 .
It's undefined which

number has absolute value - S .

Another example :

f : R-R f(x) = #

i) xxEI , f(x) is defined .

Consider x = 0 · f(x) : ↳ is not defined .



Let A function f : At B is
-

1 . Onto (surjective if
fbcB jatA : f(a) = b

= XbEB , something in A maps to it
= XbeB

,
b shows up in 1

row of thetable
= codomain =

range
ex

: f : 2+ 2 , f(x) = x
-

2 . One-to-one sinjective) if
1: 1

Fa , az -A ,
a

, fac = f(a ,) ff(az)
EXbEB

,
at most I thing in A maps to it

=XbeB
,
b shows up in at most 1

row of the table .

-

*I
=> f: RtR : f(x) =

x
2

f(- 2) = 4
f(z) = 4



3
.
a bilection if onto and 1 : 1

= Ube B , exactly + elt .
of A maps

to it

1 : I not

-/G->not onto
-

8.

How do we prove that
f is onto or

1: 1 ?

Onto
-

WiS rbeB SatA : f(a)= b
.

= If be B
,
then JatA : f(a) = b .

Step 1 : Assume beB .

Step 2
: Construct a s

. t . f(a) = b .



ex S
: 2 + I defined by s(x) = x+ 1 .=>>-> -

cam: S is onto -

example
: b = 7

. What is at7 S .
t .

f(a) = b = 7 ?
a

= b
, f(a) = b + 1

= 7
.

Roof : Assume be 72 want to
2

-

f(a) = b .construct at 7 S . t .

7consider a = b-1 . 9 =2 since int-int
-e

Ents' =! sdd? Y let of

9/29
A

,
B sets

Review definitions : f : A - B
X , I

onto
:

every thing in codomain is

mapped to

xbeB : JacA : f(a) = b

1: 1

each domain value has a unique
codomain value

Fa
, ame

A :(, az) =>(f)+(2))



warmup :

A = 30 ,
1

,2) B = 33 , 43

f : A - B

f(0) = 3
f(1) = 3
f(z) = 4

① give an onto function -
f : A + B

② give a not onto function

f(a) = 3
g

: A + B
XaCA

③ give an onto function
n : B-A

-(3) = 0
f(4) = 1 Canan'th
-

not onto : WTS < ( * beB : jazA : f(a) =b)
= IbeB : YatA : f(a) Fb



reals Q = rations

claim : X
-

f : Re , f(x)
=

x
2
is onto

.

T/F ?

f:

Let beRR .

wis JacR : f(a) = b . let a = rb .

L
-

- 5 EIR/false beR
=>

f(a) = (5b)2 det
.
of f

f(a) =

b det of 52

is this proof valid
?
No !

claim : o is not onto ·

codomain domain
,

↓ ↓

Proof : Consider b=-1ER .

WTS FacIR
,

f(a)7-1 .

FaEIR : f(a) = a det-off

XacIR : f(a) ! 0 propertyof

FazIR : f(a) =b b < 0

-

Note : f(-1) = 1
,

so f(-1) = - 1



proving 1 : I 3 qI

WiS Fa, a2EA
: a

, f 92 =7 f(a ,)fflaz)

Direct proof :

1 . Assume a
, 927A ,

9
, Fa2

2 . Snow f(ai) If(az)

contrapositive (g = up
Xa
,, az

: f(a ,
) = fan) =7 a ,

= az

1 . assume as , 927A ,
f(ai) = f(az)

2. Show a ,

= 92

- S : 2 + 2 S(x) = x + 1

claim : S is I : 1

Proof : we prove the contrapositive -

suppose a, az = 2 and (ai) = 2) .

WTS a ,
= az

a , + 1
= qz + 1 det

. of S

a = 42 algebra
B



*1 : 1 -(p => q) = 31 - q
~ (a , antA :

a , fqz = f(a ,) + f(a)))
7a
,az(A

: :[a , far = f(a , ) + f(q2))

7 a , 92EA : a
, f92 1 f(a,) = f(az)
- -

exists different a , ac but fla i )= flac)

& f : R + R f(x) = x 2

claim : i is not I:l

proof : by counter example . Let a
,
= 2
,
92 : -2 .

f(ai) = 4

f(az) = 4

so a , fac and flail = flac)-


