
in Graphs

Let Aneeredgraph G= CV, E) is
>>>

a non-empty set of vertices (nodes (V and a Set E = 2 24, 3 : n,VEV3 of
-*

edges joining pairs of nodes .

-x V = 2A3
I = o

⑰-B v= 2A , B3
E = [[A ,

B33
G3 :

- B -D V = 2A , B ,
c , D3⑰

⑮ E = 22A ,
B3

,
[B ,
D3

, 3 B ,
ch

,

2A,3)

⑰ ⑬ v= 2A , B3

= = 0

on aleagesneed
z endpit te

V = 2A3
E = E3A ,A33

= [EA33



worldexamples
alich - bob

-Facebook friends -

Catherine
noces :

people
edge

:

2 people are Facebook friends
- blood relationships

① what property (or properties)-

would a mathematicalI relation need to
have to be represented as an

undirected graph ?

ideas :

symmetric ab a - b

2
reflexive a

self loops are equivalent uven directed
or undirected

S I
C C

Det A egraph G= (V , E) has a set
-

of vertices and edges E = UxV = [ /U ,
V) :

u,VEV3 so that edges are directed from
one vertex to another.

on a single
set

Note :

relations and directed graphs
are the same !



V= 2A ,
B3

& ⑰-B E =

2(A , Blb

F
v = 2A ,B3

0⑰-BE = 3A)3
ordered pair
tuple
list

array
undirected :

⑦-B = = [[A , B3O &
set

rexample
Twitter followers

Det A graph is simplest topscontains no
-

carallel eagesI

parallel edges : ⑰ ⑰ ⑬

note that ⑰-B has no parallel edges-
(A , B) = (B ,

Al

of Pself-loops :

A



network

wat/wo,

oo

/ar
wee



Det let e = 34 ,v3 or M , v)
· nodes u, V are dent - Ior neighbors ⑪-N-

⑧ in adirected graph ,
V is

an out-neighbor of u and h is an
-

in-neighbor of v
-

· U
,
V are emints of e

· n ,V are ident to e

let be a mode in a simple undirected

graph .

degree (v)
= degsr) = d (v) =

#of neighbors
= [u +V = 2v , u3 = E3

or Su , v}

~ degs
= 41

-

⑲
for directed graphs , indeg(r)-#otofin-neighbs

outdey (v) = # of out -

neighbors of
V



↳about graphs



Discrete Structures (CSCI 246)
in-class activity

Names:

1. For each of the two graphs, label each node v with deg(v), and give
P

v2V deg(v), the total degree

of the graph, and |E|, the number of edges in the graph.

A B C

D E F

A

B

C

D

E

F

2. Can you give a conjecture about the relationship between
P

v2V deg(v) and and |E|?

1

32

- -

Edeg(v)
= 2 +3 + 2

S

+ 3 + 1 + 1* =12

=> 1E) = 4
31

IEI = E Edegirl

-
21E1 = yeg(v)

- 9 edges
total degree

: 18



m11 . 8 "Handshaking Lemma"
Let G = (V , E) be a undirected graph .

1

Them simple

Edeg(r)
= 2 IE1

.

⑱ Let G= (V ,
E) be an undirected

graph . Notice that every edge is
connected to exactly 2 nodes

,

meaning that it contributes 1 to

the degree of 2 nodes .

So & deg(v) = 2IE) .

rEV

clary
-
fact that follows simply

from

a previous theorem/
lemma

let hodd denote the number of nodes
whose degres is odd . Then hodd is even.

Proof Aiming for a contradiction
, suppose

-

Modd is odd .

Note that

I deg(r) = deg(r) - Edeg(v)
VEV :

VEV :

VEV deg(r)ne deg(v) is
is even

this is ZIE1 , odd
ne ne

which is
this must be this must be even,

even odd ,
because because sumE sum of odd # of

odds is odd evens is even



even -odd
+ even

,
↑

a contradiction !

So nodd must be even . i



"Kleek"

D A graph Or clique is

an undirected graph G= /VIES

Ever : V = ICE

IS ⑧.

-
a clique ?

v = sa , b, e
No .

Consider nodes a
,

c
.
atc

,
but

Ea , c 3 E

1S ⑦ a clique
?

yes .

The clique on a nodes is denoted kn .

examples :

k
,

· O 12 -- I

&

k 3 . 3 ku ·



"
Q
unat The relationshi between-

Conjectures :

- !!-" 2 ... en iA C

1 -)(1 - 1)
= 0

(1 - 1) + (2 - 1) = 113
(1 - 1) + (2 - 1) + (3 -1) 3 vers-

=0 + 1 + 2 = 3

5 0 + 1 + 2+ 3 + 4 =
10 #10

recall:E : = y

2

so <i-1 = 1) = m
,
the #edges

i = 1 in kn.

caim In has l edges



⑱#1 We ive a way to count theI
edges and show that it gives 1) .

2

Suppose we have a complete graph
kn . Label its nodes Vi

,
VI , ..., Un

n v
, count the uncountedStarting wil

edges adjacent to v
,
and add the

count to the total .

v ,
has n-l uncounted edges

Ve has n-2 uncounted edges
:

un-I has I uncounted
Un has O uncounted edges

m
= (E) = 0 + 1 + 2 + - .. + n - 1 = 1x- 1)

i
2

*#2 Let In be the complete
graph on a nodes .

Note that every node has degreen-1

Evdeg()
= = (n -1) = n(n - 1)
veV

But by the handshaking lemma ,

Erdeg(v) = 21 El .

n(n-1) = 21E)

*
-1) = 1E) = m

1]



#3 Let P(n) denote that
In has ) edges .

We crove Fn=1
: P(n) using inductionI

over n.

Base case
: D(1) is true

. That is
,
K

,

has 11)
= 0 edges . Yes ,

this is true .

Inductive case :

We wiS Fn=2 : P(n-1) =>

P(n)
Assume P(n-1) . that is

,
assume

ka- has -1-1) :

he
e

Now
,
consider an arbitrary dique Kn .

Let n' be the graph created by
removing one mode and all its edges .

Note that Kn = Kn-1

Goal :

#edges of Kn=1) .

2

Eeesof Kn : #of edges + naretoaddoKn-1
Kn to get kn

-(- 2) + n - 1

= +2 2)
2



=-X + In
2

-n =n2

-

we've proved the inductive case .

H
-V V = 34 ,

v
, x3

~ E = E[4 ,V3 , an , x33

G by removing edge [ui3

- = 34 ,
v3

,
24 ,x330[[4 ,V33

8 = [(4 ,x33
· ⑭ M, (n ,x33)[4 , v3

= 22n ,v3 , 34 ,x33x



Last time
:

complete graphs/clique

I
real-world examples

?

ex
- -Helena there is a

Missoula- & way to drive
-

Bozeman-Billings
non-
ex- Helena direct interstate
Mis soula

-
B

connections

ozeman - Billings
ex
- egets Bod relations
Bet A te graph is a graph
G = (LUR

,
E) S . t . L1R = 0 and
=r: le1reR) .

eX A- B V = 2A ,
B ,
c

, D,
E

,
F3

- -
C

E- L = 2A ,
E

,

F,
E
-D R = [B ,

< ,D



LR= r r

E = [34r3
:

lE( -r = R3
L

*

NR L

B - 8

&

-Gi
- I ↳ G2

-⑲

L

non-ex -- o 8L R L R
------

Ge
of

-

-18
-·

caim
, letG be an undirected

contains a triangle ,
graph .

then it is not bipartite .

V2

ex R -
a

- ·-
Vi ↳

L V3 --↳
↳ - (p

= xq)
= Prq

Proof Aiming for a contradiction ,
-

suppose that G contains a triangle
and is bipartite .



Let vi 2 , Vi be the nodes of the
triangle . without loss of generality ,

since we could relabel the nodes
,

suppose that v , EL and v2eR .
Since

vzER , VzEL . But there is an edge
from vi to v

, and bot are in L ,

which contradicts that G is bipartite

Det A
- drawgraph Par if we can

it the plane. Wout

edge crossings .

note : graphs
A- B B - A are equal if

2 I verts equal and/ =I edges equal
C- D c- D

Kn is comple graph on a modes

Is kn planar
?

I

③ ⑤

D

I- I# ⑧

T

k5 is not planar

-

·



complete bipartile graph
K3 , 3 complete bipartite· graph on 3 nodes

L R



is (b ,
d

, f) a path ?

is (e
,d ,b)

- n
a path ?-

a

I ↳O !

d- f) -
(a

,
b ,
d

, f) Ca
, b ,

f
,
d

,
c

, e)
&

Det A pat if Br! Ful
,
z

,
nah

-

sequence
S .t -

① Vie [1 ,
2

, ...,
k3 : UiEV

U
,

= a - Is this def . Clone ?

uc = b -Are there things that It
us

= d the def. but shouldn't be

44
= f considered

- How to fix ?
Paths ?

② fie 21 ,
2

, ...,-13 : (ui , uit) E
(a ,

b
, d ,f) men k = 4

, Um = 45
D

In
,

Uc]

(a , b) E

arepath is simple if all its nodes
unique .

The lengt of a path is its it of
-

geed

Length of (a , b ,
d , f) is 3



in general , K-1 .

The shortest path is the pat of-

min . Length between two modes .

The distance dist(n
,v) or d(n , v)

-

between U ,V is the lengin of theshortest path between u
, v .

d(a
, f) ? 2

, (a ,
b

, f) .

-
C

R - n3 Rid

A graph is rected if Fu
,
v->V

,
I

a path from a to V .

Det A ze (U
,, U2 ,

...

s ux ,
u , )

is a l =2 from u , to
u , trade, Traverse the
same edge twice .

A cycle is simple if its nodes are

distinct.

gas cyclic if it contains
-



eX o-o-o-o acyclic-

a -
↓- -6 acyclic

b ↓

-
non-ex

of -o
not acylic

ex a b- acyclic
ed Ya

a + - acyclic

ed (b
,
d

,
e
,

non-ex
- aty

(a,b ,
c

, al

C

11. 33 If G = (V
,
E) is an

undirected
zVEV s . +

.! graph ,-



⑧
-

8 8

·Wo 8

->

u, 42

Proof We give a proof by construction
Fia an algorithm that, given an

undirected acyclic graph , finds a

deg . 0 or deg . I↳ node .

alg :

let be any node in V
let
while current node : has unvisited

neighbors :

Let Uiti= any such unvisited

neighbor
i = i+ 1

return ui

let t be the node returned by
al I

on G .
Wis either degH)

= 0 or deg(t)= 1
.

case 1
:

t = Uo .

I degHt)
= 0

.

case 2 : t =

UK ,
K21

. We show deg()=1 .

since t is last in (uo
,

u
, ...,

upl ,
there is no edge from + to any unvisited
mode . If I edge from + to any other
mode u; other than U. , it is in

quo ,
u, ..., UK-2)



=t
- u

,
c -

,
- uz-

....
-

UK-1
- 4k

S
But then (uj , ..., UK-1 , Up

, 4i) is a

cycle .

So no such edge exists
,

and t
was only one edge back to up-1 .

So

deg(t) = 1.

n
undirected

Det A tree is a graph that is
-

connected and acyclic .

5 verts

ex or yedges
-0 0-0

- o ⑳
-6

⑧·
or

non-ex i so (A forest)
-

# Schapter 11)

If T = /V , E) is a tree
,
then

IE) = 1V1-1

Thm If T = (V , E) is a tree
,
then

-

① Adding an edge creates a cycle
② Removing an edge disconnects the



graph .

-


