
Randomness + probability uses in CS :

- randomized algorithms
- data structures using randomness

-modeling real-world phenomena

But first , we need to learn to count !

Sum rule : IfA ,
then 1AUB1

= (Al+BI
.

product rule : The number of sairsI
(x cy) with xeA , yeB is (Al-IBI .

1AxB1= /Al . 1 B1

exA restaurant has 2 cuncu specials .

① soup or Salad

② soup and salad

If A : set of soups : I chicken noodle , ... 3
B : set of salads = I caesar , ... 3

How many possibilities are here for

① : AUB1 = /Al + /B1

② : 1AXB1 = 1A1 . IB1

More general product rule :

1A ,
x A 2 x A y x ... x Ax1 = (A

.
! 1Az1 /A31 ... 1Ak|



& How many 32-bit string are there
?

010 ... 00l
men

32-bit string
2 by the generalized product rule .

I 20 , 13 x 20 , 13 x 50 , 13 x ... x 20 , 131
e

32 times

=150
,
131 - 120

,
131 · 120 , 131 ... 120 ,

131 = 23
en

32 fines

-x How ,many MAC addresses are

(You don't need to evaluate the value)
16R
12 : AC : D9 : 03 : 79 : 7B
e

12 digits
In9 , A , B, ..., F3 x

20
,
1
,
2
, ..,
9
, A , B, ..., F3x

...

per pair
: 16 possibilities

.I

(162) : 14
"



Inclusion - Exclusion rule :
-
0 if empty

1AUB1 = /Al + 1 B1- /AMBI

# + 0 = [i , 3 , 5 , 7 ,9 and P = 22
,
3
,
5,73

What is IOUP1 ?

(01P1 = 153 ,
5

, 73) = 3

IOUP1 =

101 + 1P1-101p1 = 5 + 4 - 3 = 6

(double check : OUP = 21 , 2 , 3 , 5, 7 ,93)
--

0123
, 7980 , 011

ex How many invalid PINS are there ?
-

hint : it's btwn 150 and 250

Let S denote the set of DINs Starting
w/3 repeated digits .

eg 1S1 = 10
2
=

100

2223
3332

Let E denote the set of DINs ending
~/3 repeated digits .

eg IE1 = 100

SME : all digits same
ISME) = 10



ISUE) = 151 + (E) -ISME) = 100+100 - 10

= 190

Det Given some random srocess
, theI

-espace S is the set of all

possible outcomes .

-

Abilitare " que me that

SeS occurs .

f : A- B
-> E Pr[s] = 1 ~ f(a) = b
SeS

Pr[s]
I Pr[s] O FsES e

ex fair
v

flipping a coin
S = S heads , fails 3

Pr[heads] = 0 .

5 r

Pr[tails] = 0 . 5 W

& Pr[s] = Pr[heads] + Pr[fails] = 0 .
5+0 . 5= /V

SeS

drawing a card

S = E2 clubs , 3 clubs , ... 3

Pr[s] = Ez As ES



flipping 2 fair coins
S = E (H , H) , (A ,

T)
, (T, H) , (5 , T3)

each has Pr[s]= 0 .25

x Let S : 20 , 1
,
2
,
. .

., 73 . Choose from
S by flipping 7 coins and counting #of heads .

HHHHHHH- 7 Pr[7] = 0 . 0078
Pr[4] = 0 . 2734

Det A set of outcomes is called an
event
-

ECS , Pr[E] : [Pr[s]
SEE

-

when flipping 2 coins , the probabilitythat at least one is heads is

0
. 25 + 0 . 25 + 0

. 25 = 0 . 75

S = [ (H , H) , (A ,
T)

, (T, H) , (5 , T3)

ES

E = [(H ,
H)

,
(H

,
T)

,
(T
, H))

men dawing I card from a 52-card
deck , the prob - that it is an ace



is /52 -

Theorem 10 . 4
. (Properties of event prob-abilities)

Lets be a sample space and A IS
,

BIS be events . Let A = S-A
.

Pr[S] = I Pr[A] = 1- Pr[A]
Pr[0] = 0

ex When drawing I card ,
what is the

probability that it's not an ace ?I

S : Sall cards

A = EA clubs
,
A spades .

A hearts
,
A diamonds)

PrEA] = 1- Pr[A] = 1 - 452 = 48/52 = 2426 = "Y

-Diagrams in Probability
-internal nodes represent random choices

,

labeled w/ probability of each outcome

flip *yz
It

leaves are outcomes

coinY2
T T



flip 2 coins

I HA Y4
⑧

nd Y
I
flip 2
Fl y4coin + T

-0-2
flip 1st It + HY4coin x2 -- flip 2nd 42

T coin "2, +T Y4

flip 1 fair coin . If H , flip a 2nd fair
coin . If i

, flip a coin w/ 0 . 75 prob · of T -

Pr[(T ,T)] =
-I
- 3

+] 8Pr [ at last one I
1 +H +

-42
flip

H / fair Y2 E

Xz coin -
H+T

flip
fair coin O TH= Y4 . %2

"2 ⑧
- *xuT flip 0

unfair
coin 3/4W

+
+

= 8 =YT



Ret sitatiente ofelemenSee t

↓ de

& S = 21 , 2 , 3 ,
43 (1 , 2 , 3 , 4) I

12 , 4 , 3 , 1)
(2 , 2, 4 , 1) X
(1 , 3 , 4) X

9. 8 Let S be a set w/ISI = n .

The number of permutations of S

is n !

#sketch #1
:

by product rule .

1Ax B 1 = /A1 - 1B1
.

let S ,
be S-firstchoice , Sabe Si-2ndice

..., all the way to Sny

15x1, xx ...x = 131 . 15
,
1 - 1521 ... 1 Sn-il

I
& < ,

.
.

., ( = n(n - 1) (n -2) ... (1)
↑ ↑

from s from fue some n !

. Ketch #2 :

w/ a tree diagram
- Ju - 1

a
choose from -

~ S -a &
choices

↳
choose-

n
! leaves

froms
: Goices



Det Let n
, K be non-negative integers .

(i) inin-k !
↑
" choose "

the number of ways
to choose elements

from a size n set where order
does not matter .

pedvalues
Ask questions like :

now many times do we haveto
flip a coin to get 100 heads ?

def A random variable X assigns a-

numerical value to every outcome of
a sample space .

X : S- R

* Suppose we flip a coin 3 times .

S = EH
,
T3 = [CHHH) , ... 3

Pr[s] = E XSES

Let X be # of heads of an outcome
X be # of consecutive [



X (HHH) = 3

Y(HH) = 0

Ret The ex/
I
anti

, Arrange
be

I
of X

E(X) = < X (s) · Pr[s]
SES

-

y
: Ess :

Y
. PrSX=y]

[10 . 38 in
X(s) = y 3

book v

& counting heads in coin flips

X = A of heads

intuition says
: expected # heads is 1 . 5

The following added after class ...
Let's compute .

by def .
above

expected # heads = E(X)=
"

< X(s) · Pr[s]
StS

= X (HHH) · Pr[HHH) +X (HHT) Pr[HHT] +

x[HTA) Pr[HTH] +X(HTT) Pr[HTT] +

x (THA)Pr[THA] +X (THT7 Pr[+HT] +XCTTH) PrCTHT)



+ X(+TPr[TTT]

- 3 . 8 + 2 . 6 +

2 . + + 18 + 2 + 1 + 18
+0.6 = = 1 . 5

, so the def . matches
our intuition .

Now let's compute ECX] using the
equivalent formulation above .

E[x) = Ey . Pr[X=y) = 0 . pr[X= 0) +

↓Pr[X = 1) + 2 . pr[X =2) + 3 . Pr[x =3]

-0. + 1 . 8 + 2. +3: also

Now
, let's see some examples of

choosing items from n.

⑰
How many different 5-card hands
are there when drawn from a 52-card
deck ?

we must choose 5 cards but order
doesn't matter. So there are

(552) =
+
=xi50 . 49 . 48

5 !

(note :

you don't
need to evaluate somethinglike (52) in this classit as-i,P

can leave



-x 19 .
41 in book)

How different 8-bit strings ,are teely -/ exactly 2 ones

we can think of this as choosing
two indices out of 8 to equal one .

(i)

Now Let's see a eroblem about expectationI
mere combinations come into play .

& 10 . 40 in book

What is the expected number of aces in
a l3-card hand ?

Let X : the number of aces in a B-card
hand . So we want to compute E[X] .

Recall that E[X] : y
.Pr[X=y] .

Since X (a 13-card hand) can equal O , 1
,
2
, 3,

or 4
,
we need to compute Pr[X=0] , Pr[X=2),
...,Pr[X= 4] .

unat is
, for example , Pr[X=0)

?

Since a probability is the fraction of
the time an outcome occurs

,
it's

Alwaysto get O aces ~

# of ways to daw B cards



Let's think about #ways to draw 13

cards first . Since we are choosing 13

cards from 52
,
this is (53)

Now let's think about the A ways to

geasan it monfast in
se

aeck ,
so (1)

so overall , PrCX=0) is !
Now Let's do PrCX=17

. Again , the denominator
is (52)
For the numerator, we know that we
must choose one ace and 12 non-aces

I

so we have (i)( !2) choices-() choices
for the Suit of the are and (1) moices
for the remaining 12 cards .

The same logic applies for X
= 2
, X= 3,

and X = 4 , so overall me have
4

E[X] = Ei . Pr[X=i] =



(i)· in!
i nee

which does end up evaluating to 1 .

Another example : what is the probabilityof
A franging

a full house e

IS 3 cards of one rank

and I cards of another rank.
. For example ,

2 hearts
,

2 diamonds
,
I spades ,
I hearts

,

J clubs

is a full house .

So we need to compute ways to
get full house
-

#ways to draw
5 cards ,

we know # ways to draw 5 cards is

(5,2) from above.

What is It ways to get a full house ?



we can think of a full house as
an element of the following set :

Sall pairs of x[allsuit
ranks combos for x (a)x Sam is

a pair pair

By the product rule , the size of this set
is the product of the sizes of these sets .

Or , equivalently , it's

# ways to #ways # ways to
-

# of ways
choose 2 to choose

S choose a to choose

· rsuits diff. Triple their suils -ranks ther

which is

(i) (2) . (i) (i) .

So Pr[fullhouse] : (2)
(5)


