
Recursively Defined Structures/Sets
ASet S defined by
(1) its smallestelement(base case)

(2) rules thatconstructcompound
elements outofsmaller elts.

crecursive casel

S
=SX:xis (1) or follows (2)3

eXAnonnegative integer
I O

(2) If K fornonnegative int K
How do I make I?

0 is a nonnegative int (1)

1 is 170 for a nonneg. int, O

=>A linked list1Delyels...
(1) An empty list Clist/sequence /

away/ tuple:12) A list (X, 17 order matters,
where x is data dupes allowed)and L is a linked list
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A well-formed proposition of of
propositional logic over propositional wars.
Xis:

1) p, for some pEX (base casel

2) PAq where $31, v, =7,), *3>
x, g well-formed prop.

3) -p, p well-formed prop.

p
=2qnrvp... X =2P,q,r3

Proof by structural Induction.

used toprove fxES:P(X)
forrecursively defined sets.

HOW:

1) Prove P(X) forall base cases of S

2) Prove that ifP(X) true for smaller
elements of S, thentrue for largerelements.



HetAbinary tree T is either

(1) null (emptyt reel
(nvill

(2) rootnoder and te,Tr,
binary trees, attached H
~ with edges.

&Invill ⑱
Y ⑭ a
t

model
venex ↑ ⑪

u is a cuild
↑

of r
wis

~ is theparent a leafof

Terms:
- binary because each node has? 2children
-

edges connectpairs ofnodes
- node is a leaf ifit has no
children

- node is internal if itis nota leaf

claim:In any binary tree T,
#leaves (T) = A internals (t) + 1
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Let's build some intuition.

supposeT
and I of IYe, Tr is
not null

Then Ileaves (T) =leaves (Te) +A leaves
(Tr)

because o is nota leaf and
all leaves ofTe and is are leaves ofT.

AintST) =1 +#int/Tel + #int(Tr)

⑧F



claim:In any binary tree T,
#leaves (T) =A internalst
*T =Y:P(T) P(T)

Proof:we use structural induction
-

on thedef. of binary tree.

Base case:WTS P(nvIl.
Since t is null, leaves is 0
#ints is 0.0 =0+1, so p(null) holds

Inductive case:We WIS

X binary trees T, composed ofroot
noder and binary trees Te, Tr

P(Te) 1P(ir) =P(T)

suppose e) 11). Thatis,
#Leaves (Tel? int(Te) + 1 and

#Leaves (Tr) = int(Tr) + 1

WTS P(T). That is, #leaves (T) =Hint (T)+

case 1:t is justone node, a leaf.

⑰ #leaves =1 1 of 1 V

#ints =0



case 2:I has atleastone ofte,Tr
non-null.

So r is nota leaf.

r t is an internal node.

X
#int (T) =Aint(Te) + Aint/Tr) +
#SCT) =A leaves (Tel +#leaves (i)

=(# int/Te) +1) +(Aint/Tr)+1)
by inductive hypothesis

=Hint (Tel +Aint/Tr + 1+ 1

=#-)+1

P(Te) 1 P(Tr) => P(T) 1]


