
Plan for today

wrap up of greedy algorithms
quiz
break
discuss quiz
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divided conquer
!



2 minutes to think by yourself. Then hold up fingers with your answer.
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Recall the job scheduling problem: find largest set of compatible jobs.

Suppose that each job also has a positive weight and the goal is to 
find a maximum weight subset of mutually compatible intervals.  
Is the earliest-finish-time-first algorithm still optimal?  

1. Yes, because greedy algorithms are always optimal.
2. Yes, because the same proof of correctness is valid.
3. No, because the same proof of correctness is no longer valid.
4. No, because you could assign a huge weight to a job that overlaps 

the job with the earliest finish time.
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Discuss with your table
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Suppose that each job also has a positive weight and the goal is to 
find a maximum weight subset of mutually compatible intervals.  
 

Do you think there is a greedy algorithm for this problem?

other local Interiz ?

- largest weight
first approach
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Greedy algorithms summary

We studied two problems:
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Greedy algorithms summary

We studied two problems:
* all-pairs shortest paths
* job scheduling
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- Dijkstra's



Greedy algorithms summary

We studied two problems:
* all-pairs shortest paths
* job scheduling

Is there a (correct) greedy algorithm for every problem?
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Greedy algorithms summary

We studied two problems:
* all-pairs shortest paths
* job scheduling

There isn’t always a greedy algorithm for a problem.
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Greedy algorithms summary

We studied two problems:
* all-pairs shortest paths
* job scheduling

There isn’t always a greedy algorithm for a problem.
Discuss with your table: what might you look for in a problem to think it may have a 
greedy algorithm?
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Greedy algorithms summary

We studied two problems:
* all-pairs shortest paths
* job scheduling

There isn’t always a greedy algorithm for a problem.

It takes careful thinking to prove a greedy algorithm works.
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Quiz
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Divide-and-conquer paradigm

Divide-and-conquer.
独Divide up problem into several subproblems (of the same kind).
独Solve (conquer) each subproblem recursively.
独Combine solutions to subproblems into overall solution.

Our goals.
独Design correct algorithms using this powerful algorithm design strategy
独Be able to analyze the runtimes of recursive algorithms.
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Mergesort
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A L G O R I T H M S

input



Mergesort

独Recursively sort left half.
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Mergesort

独Recursively sort left half.
独Recursively sort right half.
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A L G O R I T H M S

input
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Mergesort

独Recursively sort left half.
独Recursively sort right half.
独Merge two halves to make sorted whole.

12

A G H I L M O R S T

merge results

A L G O R I T H M S

input

I T H M SA G L O R

sort left half

H I M S T

sort right half

A G L O R
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Mergesort

独Recursively sort left half.
独Recursively sort right half.
独Merge two halves to make sorted whole.
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mergesort (2) :

↳= first half of
> 7 time

L2 = second half of
L

Sorted- = mergesort
(4)

Sorted-12 = mergesort (12)
return merged sorfed-1 , and sorted-
-



Merging
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Merging

Goal.  Combine two sorted lists A and B into a sorted whole C.
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Merging

Goal.  Combine two sorted lists A and B into a sorted whole C.

独Scan A and B from left to right.

独Compare ai and bj.

独If ai  ≤  bj, append ai to C  (no larger than any remaining element in B).

独If ai  >  bj, append bj to C  (smaller than every remaining element in A).
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sorted list A

2 3 7 10 11

merge to form sorted list C

2 11 bj 20 233 7 10 ai 18

sorted list B



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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2 11 16 20 233 7 10 14 18

sorted list A sorted list B



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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Merge demo

Given two sorted lists A and B, merge into sorted list C.
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compare minimum entry in each list:  copy 2
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Given two sorted lists A and B, merge into sorted list C.
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Merge demo

Given two sorted lists A and B, merge into sorted list C.
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compare minimum entry in each list:  copy 3 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2

sorted list C



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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Merge demo

Given two sorted lists A and B, merge into sorted list C.
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compare minimum entry in each list:  copy 7 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3

sorted list C



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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Merge demo

Given two sorted lists A and B, merge into sorted list C.
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compare minimum entry in each list:  copy 10 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7

sorted list C



Merge demo

Given two sorted lists A and B, merge into sorted list C.

20

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10

sorted list C



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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compare minimum entry in each list:  copy 11 
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Merge demo

Given two sorted lists A and B, merge into sorted list C.
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Merge demo

Given two sorted lists A and B, merge into sorted list C.
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compare minimum entry in each list:  copy 14 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11

sorted list C



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14

sorted list C



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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compare minimum entry in each list:  copy 16 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14

sorted list C



Merge demo

Given two sorted lists A and B, merge into sorted list C.

23

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16

sorted list C



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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compare minimum entry in each list:  copy 18 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16

sorted list C



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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2 11 16 20 233 7 10 14 18

sorted list A sorted list B
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Merge demo

Given two sorted lists A and B, merge into sorted list C.

24

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16 18

sorted list C

list A exhausted:  copy 20 



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16 18 20

sorted list C



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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list A exhausted:  copy 23 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16 18 20

sorted list C



Merge demo

Given two sorted lists A and B, merge into sorted list C.
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2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16 18 20 23

sorted list C



Merge demo

Is there a difference between a worst-case and best-case input for number of steps 
taken by this algorithm?
1. Yes
2. No
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2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16 18 20 23

sorted list C



Merge demo

Is there a difference between a worst-case and best-case input for number of steps 
taken by this algorithm? Discuss with table
1. Yes
2. No
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2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16 18 20 23

sorted list C



Merge demo

Is there a difference between a worst-case and best-case input for number of steps 
taken by this algorithm? Discuss with table
1. Yes
2. No
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2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16 18 20 23

sorted list C



Merge demo

Is there a difference between a worst-case and best-case input for number of steps 
taken by this algorithm? Discuss with table: what is the runtime?
1. Yes
2. No

30

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16 18 20 23

sorted list C



Mergesort

独Recursively sort left half.
独Recursively sort right half.
独Merge two halves to make sorted whole.

31

mergesort( ): 

   = first half of  

   = first half of  

   = mergesort( ) 

   = mergesort( ) 

  return merged  and  

L
L1 L
L2 L
sorted_L1 L1
sorted_L2 L2

L1 L2



Approach # 1: unroll the recurrence
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Approach # 1: unroll the recurrence
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Proposition.  If T (n) satisfies the following recurrence, then T(n) is…

T (n) =

�
�

�
0 B7 n = 1

2T (n/2) + n B7 n > 1
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Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.
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assuming n
is a power of 2T (n) =

�
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�
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<latexit sha1_base64="Z3k0jP42WP//6lnqi9e2pn3k2fw="></latexit><latexit sha1_base64="Z3k0jP42WP//6lnqi9e2pn3k2fw="></latexit><latexit sha1_base64="Z3k0jP42WP//6lnqi9e2pn3k2fw="></latexit><latexit sha1_base64="Z3k0jP42WP//6lnqi9e2pn3k2fw="></latexit>



Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.
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Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.

34

T (n)

T (n / 2) T (n / 2)
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Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.

34

T (n)

T (n / 2) T (n / 2)

T (n / 4) T (n / 4) T (n / 4) T (n / 4)

assuming n
is a power of 2T (n) =

�
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Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.
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Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.
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T (n)

T (n / 2) T (n / 2)
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Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.
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n =  nT (n)

T (n / 2) T (n / 2)

T (n / 8) T (n / 8)T (n / 8) T (n / 8) T (n / 8) T (n / 8)T (n / 8) T (n / 8)
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�
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Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.
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n =  n

2 (n/2) =  n
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Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.
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n =  n

2 (n/2) =  n

T (n)

4 (n/4) =  n
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Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.
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n =  n

2 (n/2) =  n

8 (n/8) =  n

T (n)

4 (n/4) =  n
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Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.

34

log 2 n

n =  n

2 (n/2) =  n

8 (n/8) =  n

T (n)

4 (n/4) =  n

T (n / 2) T (n / 2)

T (n / 8) T (n / 8)T (n / 8) T (n / 8) T (n / 8) T (n / 8)T (n / 8) T (n / 8)

T (n / 4) T (n / 4) T (n / 4) T (n / 4)

⋮

assuming n
is a power of 2T (n) =

�
�

�
0 B7 n = 1

2T (n/2) + n B7 n > 1
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Approach # 1: unroll the recurrence

Proposition.  If T (n) satisfies the following recurrence, then T (n) = n log2 n.

34

log 2 n

T(n) = n log2 n

n =  n

2 (n/2) =  n

8 (n/8) =  n

⋮

T (n)

4 (n/4) =  n

T (n / 2) T (n / 2)

T (n / 8) T (n / 8)T (n / 8) T (n / 8) T (n / 8) T (n / 8)T (n / 8) T (n / 8)

T (n / 4) T (n / 4) T (n / 4) T (n / 4)

⋮

assuming n
is a power of 2T (n) =

�
�

�
0 B7 n = 1

2T (n/2) + n B7 n > 1
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Choose an answer

35

fancymergesort( ): 

   = first third of  

   = second third of  

   = last third of  

   = mergesort( ) 

   = mergesort( ) 

   = mergesort( ) 

  return merged , ,

L
L1 L
L2 L
L3 L
sorted_L1 L1
sorted_L2 L2
sorted_L3 L3

L1 L2 L3

What is a valid recurrence relation for fancymergesort?
1.
2.
3.
4.

T(n) = n2

T(n) = 3T(n/3) + n
T(n) = cn log3 n
T(n) = nT(n) + 3n


