Agenda for today

Reminder about memoization and writing efficient algorithms using recurrence
relations

Backtracking to find optimal choices (not just value) Q
Non-recursive versions of dynamic programming algorithms




We have seen 3 problems

Weighted interval
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What does an algorithm look like for weighted interval problem?

= ... = fa
Compute p[1], p[2], ..., pln] via binary search, (
J RETURN COMPUTE-OPT(n).
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Zi SCHEDULE (1, S1, «.., Sn, f1, «. o5 fn, Wi, ..., Wn)
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Sort jobs by finish time and renumber so that f; < L V\ \ @ 6 \A

COMPUTE-OPT(j)
IrF (j=0)

RETURN O.
ELSE

RETURN max {COMPUTE—%I_ ),
Wi+ COMPUTE-OPT(p[j]) }.
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What does an algorithm look like for weighted interval problem?

SCHEDULE (1, 81, «vvy Sny f1s evvs frs Wiy oaey Wi) M-SCHEDULE (7, S1, ...y Sns f1s «ves fris W1, ey Wh)

Sort jobs by finish time and renumber so that fi < Sort jobs by finish time and renumber so that fi < —
h<. < f h<.<f 4 (0(71“/\
Compute p[1], p[2], ..., p[n] via binary search. Compute p[l], p[2], ..., p[n] via binary search. | | (9 Ui |/\

RETURN COMPUTE-OPT(n). /(/\< Q/x = O ( 0 ]ﬂ&,\\ — V)
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IF (j = 0) /l M-COMPUTE-OPT(j )
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What does an algorithm look like for weighted interval problem?

SCHEDULE (1, 81, «vvy Sny f1s evvs frs Wiy oaey Wi) M-SCHEDULE (7, S1, ...y Sns f1s «ves fris W1, ey Wh)
Sort jobs by finish time and renumber so that fi < Sort jobs by finish time and renumber so that fi <
= ... = fa = ... = fa

Compute p[1], p[2], ..., p[n] via binary search. Compute p[1], p[2], ..., p[n] via binary search.
RETURN COMPUTE-OPT(n). MJO] = 0 (make this global)

COMPUTE-OPT(n).

Return M|[n]
COMPUTE-OPT(j )
IF (j=0) M-COMPUTE-OPT(J )
Ao ol
RETURN 0. Ir (M[;j] )
ELSE RETURN M(j]
RETURN max {COMPUTE-OPT(j—1), ELSE

wj + COMPUTE-OPT(p[j]) ;- M[j] = max {COMPUTE-OPT(j— 1),

w; + COMPUTE-OPT(p[j]) }.
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O(n log n) (overall, because of sorting—M-Compute-Opt is O(n))



What does an algorithm look like for max candy problem?

M-MAX-CANDY (1, X1, ..., Xn, C1, ..., Cn) &
Sort houses by distance and renumber so that x; < @ (Ak O
X2 < ... < Xn. \ \

Compute p[l], p[2], ..., p[n] via binary search.
M[0] = 0 (make this global)

COMPUTE-OPT(n). a/\/\

Return M|[n]
U\
M-COMPUTE- OPT( J )l 0 & M
I (MU s \ |
RETURN M[j] ‘\/\J Q \A

ELSE

M[j] = max {COMPUTE-OPT(j—1)
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What does an algorithm look like for max candy problem?

M-MAX-CANDY (1, X1, ..., Xn, C1, ..., Cn)

Sort houses by distance and renumber so that x; <
X2 < ... < Xn.

Compute p[l], p[2], ..., p[n] via binary search.
M[O] = 0 (make this global)
Runtime?

COMPUTE-OPT(n).

Return M|[n]

M-COMPUTE-OPT(j )

IF (M[;] uninitialized) Your turn, with independent set on a path
RETURN M][j] Notice that the input is already sorted
ELSE

M[j] = max {COMPUTE-OPT(j— 1),
¢j + COMPUTE-OPT(p[j]) }.



What does an algorithm look like for independent set problem?

M-INDEPENDENT-SET (V1, ..., Vn)

~ M[0] = 0 (make this globali ____— © Q(/\\
mil=g \/,

Y- COMPUTE—OPT(n).\ @ C N E
Return M|[n]

M- COMPUTE OPT( J) 3\
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RETURN M(j] M i WQ? UA{/GAQ% <V\\
ELSE VL %‘O U N
M[j] = max {COMPUTE-OPT(j—1), %/O pa/
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Non-recursive algorithms

M-SCHEDULE (7, S1, ...y Sns fls vvs fris W1, ey Wh)

Sort jobs by finish time and renumber so that f; <
f2 < ... < fn.

Compute p[1], p[2], ..., p[n] via binary search.
MJO0] = 0 (make this global)

COMPUTE-OPT(n).
() NR-SCHEDULE(7, S1, ...y Sny f1s «ees frs Wiy oovy Wn)

Return M[n] c
Sort jobs by finish time and renumber so that f; <
f2 < ... =< fn

M-COMPUTE-OPT( ) Compute p[l1], p[2], ..., plnl.

~—
IF (M[;] uninitialized) M[O0] < 0.
RETURN M(j] FOrRj=1TOn
ELSE M[jl < max { M[j—1], wij + M[pljl] }.

M[j] = max {COMPUTE-OPT(j—1),
w; + COMPUTE-OPT(p[j]) }.
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Non-recursive algorithms

NR-SCHEDULE(7, S1, ...y Sny f1s «oes frs Wiy «ovy Wp)

Sort jobs by finish time and renumber so that f; < \/__ (/1 ( Q@ \/)

= ... = fa
Compute p[l],p[Z],...,p[n].\/ W (\/% /\

g FORj=1TOn
M[j] < max { M[j-11, w; + MIp[j1] }. \
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Let’s trace through
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Non-recursive algorithms

M-MAX-CANDY (1, X1, ..., Xn, C1, ..., Cn) \J ;,\J Z/\ ) 1,@\
: |
Sort houses by distance and renumber so that x; <

X2 < ... < Xn.

Compute p[l], p[2], ..., p[n] via binary search.
M[0] = 0 (make this global) U

COMPUTE-OPT(n).

Return M|[n]

arcl),

A}I AP ‘——ﬁv;".‘rb.?__i} = ’ Se 7
M-COMPUTE-OPT(j ) MI0 ' /
IF (M[j] uninitialized) é i

RETURN M([j]

ELSE

M[j] = max {COMPUTE-OPT(j— 1),

¢j + COMPUTE-OPT(p[j]) }. %

Your turn
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Weighted interval scheduling: finding a solution

FIND-SOLUTION(;) f?’( n ()\VQQ( UV ( %\

_—

IF (j=0) 525 v WUiV(d—Sol((B

RETURN .
A D
ELSEIF (w;j + M[pljl] > M[j=1]) B
—

RgTURl\/\{j LU FIND—§OZUTION(p[ iD. (
ELSE — — 2 %@9 / \\S

RETURN FIND-SOLUTION(j—1).  b(1)=0
—_— 1,w(1)=3 7"

A

find-solution(n). let’s trace through

your turn 56, w(§6)=3; p(6)=2
7 W(7);=2 | p(7)=2
8, w(B)=H) \(8>1 ime




Independent set on a path: finding a solution




Can there be more than one optimal set of intervals?

FIND-SOLUTION( )

IF j=0)
RETURN .
ELSEIF (w; + M[pljll > M[j-1])
RETURN {j } U FIND-SOLUTION(p[/]).
ELSE

RETURN FIND-SOLUTION(j—1).

1.Yes
2. No
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Can there be more than one optimal set of intervals?

FIND-SOLUTION( )

IF j=0)
RETURN .
ELSEIF (w; + M[pljll > M[j-1])
RETURN {j } U FIND-SOLUTION(p[/]).
ELSE

RETURN FIND-SOLUTION(j—1).

1.Yes
2. No

With table: which one does this algorithm find?
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Memoization allowed us to go from O(2") to O(n)...

Can we memoize merge sort? (with table)

mergesort(L):
L, = first half of L
L, = first half of L
sorted_L,; = mergesort (L)
sorted_L, = mergesort(L,)

return merged L; and L,

16



Memoization allowed us to go from O(2") to O(n)...

Can we memoize merge sort?

mergesort(L):
L, = first half of L
L, = first half of L
sorted_L,; = mergesort (L)
sorted_L, = mergesort(L,)

return merged L; and L,

No-the key was overlapping subproblems
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