Goals for today

refresh on graph notation

examples of proofs about properties of graphs

understand BFS algorithm and runtime

understand what a topological sorting is



Undirected graphs

Notation. G = (V, E)




Paths and connectivity

Def. A path in an undirected graph G = (V, E) is a sequence of nodes
Vi, V2, ..., vk With the property that each consecutive pair vi_1, v; is joined
by a different edge in E.
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Cycles

Def. Acycle is a path vi, v, ..., vi In Which v, =v, and k = 2.
— — =

Def. Acycle is simple if all nodes are distinct (except for v, and v, ).
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Cycles

Def. Acycle is a path vi, v, ..., vi In Which v, =v, and k = 2.

Def. Acycle is simple if all nodes are distinct (except for v, and v, ).
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How many simple cycles are there in this graph?



Trees /? /Q\ZD
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Def. An undirected graph is a tree if it is connected and does not contain

a cycle.
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Suppose G Wﬂith n nodes. How many edges does it have?
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Rooted trees

Given a tree T, choose a root node r and orient each edge downward from r.
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Connectivity

s-t connectivity problem. Given two nodes s and ¢, is there a path between
sand ¢ ?

s-t shortest path problem. Given two nodes s and ¢, what is the length of
a shortest path between s and 7 ?
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Breadth-first search

BFS intuition. Explore outward from s in all possible directions, adding nodes one
“layer” at a time.
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Breadth-first search

Example

(@)

(b)
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A helpful property of the BFS output

Property. Let T'be a BFS tree of G = (V,
E), and let (x, y) be an edge of G. Then,
the level of x and y differ by at most 1.
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BFS runtime (connected graph)

BFS Pseudocode: O/O‘@;’ (O—O

Set all nodes’ layer to null, except set vis to O J—
SetL=0 O %%\\*

While there is some node with a null layer
Mark all nodes that have a null layer and are adjacenttoanodeinlLas L + 1
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