
lasttime ,
we:

learned topological order of a directed

graph .

Give some order
V
,

12
, . . ., Un
-

For all edges (Vi ,Vj) <<;
& 0 u

Un

If a directed graph has a topo .
order,

tren it is a DAG
.
(contradiction

If a graph is a DAG ,
then it has a topo . order.

For all DAGs G
,
G has a topological order.

If G is a DAG
,
tren G has a nodewsno

entering edges. (contradiction



Proof boilerplate: induction

Theorem: Every Y has quality Z.

Let x be an arbitrary Y.

x has quality Z. Because x was an arbitrary Y, every Y has quality Z.
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Suppose that for all w less than (smaller than) X,

quality zholds. (Inductive hypothesis , IH)

There are two cases :

Case 1 : base case , we can prove directly that
the treorem

holds .

Case 2 : inductive case .

We need to use inductive

hypothesis to show that theorem holds.

m
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Proof by induction that all DAGs have a topological ordering

DAG

v

LetG be an arbitrary DAG.

Suppose that for all DAGs smaller tran G have
a topological order. *
There are two cases :

Case ! : Base case . Suppose G has one mode.

G has a topo,orderor more nodes,
suppose G

Case 2 : Notice thatG must have a mode w/no

entering edges .
Remove that node from

G to form

G
. By the IH ,

G' has a topo . order 80
V
, Uz , ...,

Un-1 .
Because v had no entering

edges , V , V ,vz , ..., Una
is a topo . order for&

SoG has a topo . ordering . SinceGwasarbitraapo . order.



Your turn

A binary tree is a rooted tree in which each node has at most two children. Show 
by induction that in any binary tree the number of nodes with two children is 
exactly one less than the number of leaves.

DO NOT PROVE IT! Write the boilerplate.

16

Theorem: Every Y has quality Z.
Let x be an arbitrary Y.
Suppose that for all w less than x, quality Z holds.
There are (at least two) cases:
Case 1: non inductive case, aka base case. can prove directly that theorem holds.
(but there could be more than one of these!)
Case 2: inductive case. need to use inductive hypothesis to show that theorem 
holds. (but there could be more than one of these!)
x has quality Z. Because x was an arbitrary Y, every Y has quality Z.

59
O

E leaves =

nodes

wind

children



Your turn

For all , 

DO NOT PROVE IT! Write the boilerplate.

n > 0
n

∑
i=1

i = 1 + 2 + ⋯ + n = n(n + 1)
2
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Theorem: Every Y has quality Z.
Let x be an arbitrary Y.
Suppose that for all w less than x, quality Z holds.
There are (at least two) cases:
Case 1: non inductive case, aka base case. can prove directly that theorem holds.
(but there could be more than one of these!)
Case 2: inductive case. need to use inductive hypothesis to show that theorem 
holds. (but there could be more than one of these!)
x has quality Z. Because x was an arbitrary Y, every Y has quality Z.

integers
V

U

-Everyintegraterranean
let h be an integer greater

than 0.

II Supposethat for all wan,
1 + 27 ... +w = w(wt- S

-

Base case : n =.

Inductive case
: Assume n > I

.

Consider n-1 .

1 + 2 +... +h= . Because h was arbitrary,eoremnord


