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Vertex Cover ILP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min}; x;
Subjectto: x; +x; = 1, for each edge {vi, vj}
x; € {0,1}, for each vertex i

Objective: minx; + x, + x3 + x4
Subjectto:x; + x, = 1

LA %57/ \

Example:

X1,X2,X3,X4 (S {0,1}




Vertex Cover ILP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min}; x;
Subjectto: x; +x; = 1, for each edge {vi, vj}
x; € {0,1}, for each vertex i

Objective: minx; + x, + x3 + x4
Subjectto:xq +x, =1

Xp +x3 =1

X, +x4 =1

X3+ x4 21

X1, X2, %3,Xs € {0,1}

Example:




Set Cover ILP

Set Cover: Given a universe of elements U and sets S, find the smallest
subset of S such that every element in U is in some selected subset.

\Ve

¥ Cover examply_

NaAYS -

Objective:

min );; x;

Subject to: x; + x; = 1, for each edge {v;, v;}

x; € {0,1}, for each vertex i

Example: Objective: minx; + x, + x3 + x4

Subjectto:x; +x, =1
Xp +x3 =1
Xy + X4 2 1
X3+ X4 = 1
X1,X7, X3, %4 € {0,1}

- 0‘9
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U = {1,4,7,8,10}
S.‘\ Ql
S = {{1’ 7’ 8}’ {11 4; 7}; }

{7,8},{4,8,10}
Sq gb‘



Set Cover ILP

Set Cover: Given a universe of elements U and sets S, find the smallest
subset of S such that every element in U is in some selected subset.

Objective:

Subject to:

min )¢ X
Yisyes Xs = 1,foreachu € U

x; € {0,1}, for each set s

U=1{1478,10)

|

{1,7,8},{1,4,7},
{7,8},{4,8,10}

}



Set Cover ILP

Set Cover: Given a universe of elements U and sets S, find the smallest
subset of S such that every element in U is in some selected subset.

Objective: min )¢ x,
Subjectto: ... esXs = 1, foreachu € U
x; € {0,1}, for each set s
Objective: minx; + x5, + X3 + x4
Example: Subjectto:xq +x, =1

X9 +x4 > 1

X1 +x, +x32=21
X1 +x3+x4 21
X4 =1
X1,X7,X3, %4 € {0,1}

U=1{14728,10)

|

{1,7,8},{1,4,7},
{7,8},{4,8,10}

}



| Sehk Covern
We now have a W(M()DDV\ from\Vertex Cover|to So\vm% \LP



We now have a reduction from Vertex Cover to Solving ILP



We now have a reduction from Vertex Cover to Solving ILP

So Solving ILP is NP-hard



X1, X, € R

Objective: max 5x; + 8x,

Subjectto: x;+x, <6
5x1 + 9x, < 45
X1,X2 =0




X1, X, € R

Objective:
Subject to:

max 5x; + 8x,
X1 +x, <6
5x1 +9x, < 45
X1,%Xp =0




(2.25,3.75) = 41.25

X1, X, € R

Objective:
Subject to:

max 5x; + 8x,
X1 +x, <6
5x1 +9x, < 45
X1,%Xp =0




(2.25,3.75) = 41.25

X1,%, €N _Snedoral H

Objective:
Subject to:

e

max 5x; + 8x,
X1 +x, <6
5x1 +9x, < 45
X1,%Xp =0




X1,X2 EN

X
Objective: max 5x; + 8x,

Subjectto: x;+x, <6
2.25,3.75) - 41.25 5x1 +9x, < 45
° ° ° ° ° ° xl; xz 2 O

2
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X2

X1,X, €N

Objective:

Subject to:
(2..25‘3.25)‘—> le.‘ZS ..

max 5x; + 8x,
X1 +x, <6
5x1 +9x, < 45
X1,X2 =0

Optimal continuous solution — optimal integer solution?

C
C

C

osest integer solution?
osest feasible integer solution?

osest feasible integer solution on feasible region boundary?




X2

X1,X, €N

Objective:

Subject to:
(2..25‘3.25)‘—> le.‘ZS ..

max 5x; + 8x,
X1 +x, <6
5x1 +9x, < 45
X1,X2 =0

Optimal continuous solution — optimal integer solution?

C
C

C

osest integer solution? — Not feasible
osest feasible integer solution?

osest feasible integer solution on feasible region boundary?




X2

X1,X, €N

Objective:

Subject to:
(2..25‘3.25)‘—> le.‘ZS ..

max 5x; + 8x,
X1 +x, <6
5x1 +9x, < 45
X1,X2 =0

Optimal continuous solution — optimal integer solution?

Closest integer solution? — Not feasible

Closest feasible integer solution on feasible region boundary?




X1,X, €N
X

2 Objective: max 5x; + 8x,
0 Subjectto: x;+x, <6
4 (20'2553'25)._) f1‘1.25 o o 5X1 + 9X2 < 45
o ) ) ° ° ° ° xl; xz 2 0

X1

Optimal continuous solution — optimal integer solution?
e Closest integer solution? — Not feasible
* C(losest feasible integer solution? — Obj =34
* Closest feasible integer solution on feasible region boundary? — Obj = 39




X1,X, €N
xz . .
Objective: max 5x; + 8x,
0 Subjectto: x;+x, <6
4 (20'2553'25)._) f1‘1.25 o o 5X1 + 9X2 < 45
o ) ) ° ° ° ° xl; xz 2 0

X1

Optimal continuous solution — optimal integer solution?
e Closest integer solution? — Not feasible
* C(losest feasible integer solution? — Obj =34
* Closest feasible integer solution on feasible region boundary? — Obj = 39
* Actual optimal — Obj =40




——
jective: max 5x; + 8x,

Subjectto: x;+x, <6
> le + 9X2 < 45
X1,X2 =0
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X1,X, €N

Objective:
Subject to:

max 5x; + 8x,
X1 +x, <6
5x1 +9x, < 45
X1,%Xp =0




X1,X, €N

Objective:
Subject to:

max 5x; + 8x,
X1 +x, <6
5x1 +9x, < 45
X1,X2 =0
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X1,X, €N

Objective:
Subject to:

max 5x; + 8x,
X1+x, <6
5x1 +9x, < 45
X1,X2 =0




X1,X2 EN

Objective:
Subject to:

max 5x; + 8x,
X1 +x, <6
5x1 + 9x, < 45
X1,X2 =0

Integer feasible region:




X1,X2 EN

Objective:
Subject to:

max 5x; + 8x,
X1 +x, <6
5x1 + 9x, < 45
X1,X2 =0

Integer feasible region:
* Not convex.




X1,X, €N

Objective: max 5x; + 8x,

Subjectto: x;+x, <6
5x1 +9x, < 45
X1,X2 =0

Integer feasible region:
* Not convex.
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X1,X, €N

Objective: max 5x; + 8x,

Subjectto: x;+x, <6
5x1 +9x, < 45
X1,X2 =0

Integer feasible region:
* Not convex.
* |ocal optimum
global optimum.



Vertex Cover ILP — approxiwanen
/[\l/é? SON DP\

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min}; x;
Subjectto: x; +x; = 1, for each edge e = (i, )
x; € {0,1}, for each vertex i




Vertex Cover ILP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective:

Subject to:

min };; x;
x; + x; = 1, for each edge e = (i, )
x; € {0,1}, for each vertex i

= NP-Hard




Vertex Cover ILP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min );; x;

Subject to: x; + x; = 1, for each edge e = (i, )
x; € {0,1}, for each vertex i

Objective: min };; x;

Subject to: x; + x; = 1, for each edge e = (i, )

0 < x; <1,foreachvertexi

= NP-Hard

eP



Vertex Cover ILP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min );; x;
Subjectto: x; +x; = 1, for each edge e = (i, )
x; € {0,1}, for each vertex i

= NP-Hard

Objective: min };; x;
Subjectto: x; +x; = 1,foreachedgee =(i,j) | & P
0 < x; <1,foreachvertexi

LP Relaxation: Remove all integrality constraints to turn ILP into LP.



Vertex Cover ILP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective:

min );; X;

Subject to: x; + x; = 1, for each edge e = (i, )

0 <x; <1, foreachvertexi

Vertex
Selection



Vertex Cover ILP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min );; x;
Subjectto: x; +x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

If x; = 1, what should we do with vertex i?

Vertex
Selection



Vertex Cover ILP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min );; x;
Subjectto: x; +x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

Vertex
Selection

If x; = 1, what should we do with vertex i? Add to subset §
If x; = 0, what should we do with vertex i?



Vertex Cover ILP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min );; x;
Subjectto: x; +x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

Vertex
Selection

If x; = 1, what should we do with vertex i? Add to subset S
If x; = 0, what should we do with vertex i? Don’t add to subset S



Vertex Cover ILP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min );; x;
Subjectto: x; +x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

Vertex
Selection

If x; = 1, what should we do with vertex i? Add to subset S

If x; = 0, what should we do with vertex i? Don’t add to subset S
126

p what should we do with vertex i?

Ifxl- —



Vertex Cover ILP

Objective:

min };; x;

Subjectto: x; +x; = 1, for each edge e = (i, )

0 < x; <1, foreach vertex i

+

1 .
If x; = p add vertex i

to our subset S.



Vertex Cover ILP

Objective: min}; x;
Subjectto: x; +x; = 1, for each edge e = (i, )
0 < x; <1, foreach vertex i

Is S a vertex coverf?

+

1 .
If x; = p add vertex i

to our subset S.



Vertex Cover ILP

Objective: min}; x;

Subjectto: x; +x; = 1, for each edge e = (i, )

0 < x; <1, foreach vertex i

Is § a vertex cover? @/®

Yes. For every edge, x; + Xj = 1.

Y=
N O

’7

+

1 .
If x; = p add vertex i

to our subset S.



Vertex Cover ILP

Objective:

Subjectto: x; +x; = 1, for each edge e = (i, )

min ),; x; 1 :
2i%i + If x; =, add vertex i

to our subset S.

0 < x; <1, foreach vertex i

Is S a vertex cover?

Yes. For every edge, x; + x; = 1. Thus, at least one of x; or

1



Vertex Cover ILP

Objective: - min 2,; X; If x; = =, add vertex i
Subjectto: x; +x; = 1, for each edge e = (i, ) + L= o
0 < x; <1, foreach vertex i

to our subset S.

Is S a vertex cover?
Yes. For every edge, x; + x; = 1. Thus, at least one of x; or

x.

1 . . : :
;2 - So for every edge, at least one of its vertices will be in S.



Vertex Cover ILP

Objective: - min 2,; X; If x; = =, add vertex i
Subjectto: x; +x; = 1, for each edge e = (i, ) + L= o
0 < x; <1, foreach vertex i

to our subset S.

What is the relationship between ALG = |S| and OPT?



Vertex Cover ILP

Objective: min}; x;
Subjectto: x; +x; = 1, for each edge e = (i, )
0 < x; <1, foreach vertex i

Can we bound OPT from below?

+

1 .
If x; = p add vertex i

to our subset S.



Vertex Cover ILP

Objective:
Subject to

: x; +x; =1, foreach edgee = (i,))

min ),; x; 1 :
2i%i + If x; = ~, add vertex i

to our subset S.

0 < x; <1, foreach vertex i

Can we bound OPT from below?

Let X, and x;p be the set of x values found by the ILP and LP



Vertex Cover ILP

Objective:
Subject to

: x; +x; =1, foreach edgee = (i,))

min ),; x; 1 :
2i%i + If x; = ~, add vertex i

to our subset S.

0 < x; <1, foreach vertex i

Can we bound OPT from below?

Let X, and x;p be the set of x values found by the ILP and LP
Claim: ), x,, < OPT.



Vertex Cover ILP

Objective:
Subject to

: x; +x; =1, foreach edgee = (i,))

min ),; x; 1 :
2i%i + If x; = ~, add vertex i

to our subset S.

0 < x; <1, foreach vertex i

Can we bound OPT from below?

Let[xILP and xLPIbe the set of x values found by the ILP and LP
Claim: ), x,, < OPT.
Proof: OPT =7




Vertex Cover ILP

Objective:

min };; x;

Subject to: x; + x; = 1, for each edge e = (i, j) +

0 < x; <1, foreach vertex i

Can we bound OPT from below?

1 .
If x; = p add vertex i

to our subset S.

Let X, and x;p be the set of x values found by the ILP and LP

R
Claim: ZXLPK< OPT.

2V, &

O\/\L'z’

A =0 K

i\ﬁnp

0(0[

Kp=\, X3zl Xu=0 -
Proof: OPT = ), x,.p, Where x; € {0,1}...7



Vertex Cover ILP

Objective:

Subject to:

min )}; x; ) |
> -
Xi +Xx; 2 1, for each edge e = (i, ) + Ifx; = > add vertex i

0 < x; <1, foreach vertex i to our subset 5.

Can we bound OPT from below?

Let X, and x;p be the set of x values found by the ILP and LP
Claim: ), x,, < OPT.

Proof: OPT = ), x,.p, Where x; € {0,1}. When x; is relaxed so
that 0 < x; < 1, this gives more possibilities to further

decrease );; x;. Thus, ), xp < OPT.



Vertex Cover ILP

Objective:

Subjectto: x; +x; = 1, for each edge e = (i, )
0 < x; <1, foreach vertex i

min };; x; 1

+ If x; = p add vertex i
to our subset S.

Can we bound OPT from below?

Claim:

Proof:
that 0

Law of LP Relaxations: 1P
OPT,, < OPT,, »
(minimization problem)

decrec

Se 2,  Xi. TTUS, 2, Xp = UFT.



Vertex Cover ILP

Objective: min );; x; ) |
> -
Subjectto: x; +x; = 1, for each edge e = (i, ) + It x; = »» add vertex i

0 < x; < 1, for each vertex i to our subset S.

How does ), x,, relate to ALG?

Xip = = x:, because...?
Z__Lﬂ Z‘QC}XLP L Zx exLle_l i



Vertex Cover ILP

Objective:

Subjectto: x; +x; = 1, for each edge e = (i, )
0 < x; <1, foreach vertex i

min };; x;

1

+ If x; = p add vertex i
to our subset S.

How does ), x,, relate to ALG?

2. Xip

/%Ao.(oxo,”\ \\

1X;, because it’s a subset of xp
xiEXLP:xl’_E



Vertex Cover ILP

Objective:

Subjectto: x; +x; = 1, for each edge e = (i, )
0 < x; <1, foreach vertex i

min };; x;

1

+ If x; = p add vertex i
to our subset S.

How does ), x,, relate to ALG?

2. Xip = ineXLp X; =

> ¥,

D.b+0-1
1X;, because it’s a subset of xp
xiEXLP:xl’_E

1
1—, because...?
XiEXLP:Xi_E 2



Vertex Cover ILP

Objective: - min 2,; X; If x; = =, add vertex i
Subject to: x; +x; = 1, for each edge e = (i, j) + L= 2’
0 < x; <1, foreach vertex i

to our subset S.

How does ), x,, relate to ALG?

2 Xip = Dxex p X Zx X xl_l x;, because it’s a subset of xp

= because each x; is at Ieast —
_ ZX EXLP xl_l 2’ L



Vertex Cover ILP

Objective: - min 2,; X; If x; = =, add vertex i
Subject to: x; +x; = 1, for each edge e = (i, j) + L= 2’
0 < x; <1, foreach vertex i

to our subset S.

How does ), x,, relate to ALG?

2 Xip = Dxex p X Zx ex oozt X because it’s a subset of xp

. 1
17, because each x; is at least -

=3
2



Vertex Cover ILP

Objective: - min 2,; X; If x; = =, add vertex i
Subject to: x; +x; = 1, for each edge e = (i, j) + L= 2’
0 < x; <1, foreach vertex i

to our subset S.

How does ), x,, relate to ALG?

2 Xip = Dxex p X Zx X xl_l x;, because it’s a subset of xp

> ) 1=, because each x; is at Ieast —
Xi EXLP xl__ 2

1 1



Vertex Cover ILP

Objective: - min 2,; X; If x; = =, add vertex i
Subject to: x; +x; = 1, for each edge e = (i, j) + L= 2’
0 < x; <1, foreach vertex i

to our subset S.

How does ), x,, relate to ALG?

2 Xip = Dxex p X Zx X xl_l x;, because it’s a subset of xp

> ) 17 ~ because each xl is at Ieast =
Xi EXLP xl_—

 [frs € x> 2| g



Vertex Cover ILP

Objective: - min 2,; X; If x; = =, add vertex i
Subjectto: x; +x; = 1, for each edge e = (i, ) + L= o
0 < x; <1, foreach vertex i

to our subset S.

What is the relationship between ALG and OPT?



Vertex Cover ILP

Objective:

min };; x;

Subjectto: x; +x; = 1, for each edge e = (i, )

0 < x; <1, foreach vertex i

+

What is the relationship between ALG and OPT?

Y Xp = %ALG and ), x;p < OPT

1 .
If x; = p add vertex i

to our subset S.



Vertex Cover ILP

Objective:

min };; x;

Subjectto: x; +x; = 1, for each edge e = (i, )

0 < x; <1, foreach vertex i

+

What is the relationship between ALG and OPT?

Y Xp = %ALG and ), x;p < OPT

ALG < 2 OPT

1 .
If x; = p add vertex i

to our subset S.



Set Cover ILP

Set Cover: Given a universe of elements U and sets S, find the smallest
subset of S such that every element in U is in some selected subset.

U=1{1478,10)

~({1,7,8},{1,4,73,
5= { {7,8},{4, 8,10} }



Set Cover ILP

Set Cover: Given a universe of elements U and sets S, find the smallest
subset of S such that every element in U is in some selected subset.

ILP?

U=1{1478,10)

~({1,7,8},{1,4,73,
5= { {7,8},{4, 8,10} }



Set Cover ILP

Set Cover: Given a universe of elements U and sets S, find the smallest
subset of S such that every element in U is in some selected subset.

Objective:

Subject to:

min )¢ X
Yisyes Xs = 1,foreachu € U

x; € {0,1}, for each set s

U=1{1478,10)

|

{1,7,8},{1,4,7},
{7,8},{4,8,10}

}



Set Cover ILP

Set Cover: Given a universe of elements U and sets S, find the smallest
subset of S such that every element in U is in some selected subset.

Objective: min )¢ x,
Subjectto: ... esXs = 1, foreachu € U
x; € {0,1}, for each set s
Objective: minx; + x5, + X3 + x4
Example: Subjectto:xq{ +x, =1

X9 +x4 > 1

X1 +x, +x32=21
X1 +x3+x4 21
X4 =1
X1,X7,X3, %4 € {0,1}

U=1{1478,10)

|

{1,7,8},{1,4,7},
{7,8},{4,8,10}

}



Set Cover ILP

Objective:

min )¢ X

Subjectto: )., esXs =1, foreachu € U

0 <x;, <1, foreachsets

+

1
If x; = = add set s

to our subset S,; (.



Set Cover ILP

Objective:

min )¢ X

Subjectto: )., esXs =1, foreachu € U

0 <x;, <1, foreachsets

Could this lead to an invalid solution?

+

1
If x; = = add set s

to our subset S,; (.



Set Cover ILP

Objective: min )¢ x,
Subjectto: ...y esXs = 1, foreachu € U
0<x,<1,foreachsets to our subset S4;¢.

+ If x; = %, add set s

Could this lead to an invalid solution?

Objective: minx; + x5 + X3 + X4
Subjectto:x; + x, +x3 =1 U=1{1,273,4)}

X1+x2+x421 {123}{124}}

X1+ x3 + %, =1 5={
xz + x3 + x4 2 1 {113;4}; {2,3,4‘}

X1,X2,X3,X4 (S [0,1]




Set Cover ILP

Objective: min )¢ x,
Subjectto: ...y esXs = 1, foreachu € U
0<x,<1,foreachsets to our subset S4;¢.

+ If x; = %, add set s

Could this lead to an invalid solution?

Objective: minx; + x5 + X3 + X4
Subjectto:x; + x, +x3 =1 U=1{1,273,4)}

X1+x2+x421 {123}{124}}

X1+ x3 + %, =1 5={
xz + x3 + x4 2 1 {113;4}; {2,3,4‘}

X1,X2,X3,X4 (S [0,1]

: : 1 : . :
Yes, in this case x; = > Vs = No sets are selected (invalid solution).



Set Cover ILP

Objective:

min )¢ X

Subjectto: )., esXs =1, foreachu € U

0 <x;, <1, foreachsets




Set Cover ILP

Objective:

min )¢ X

Subjectto: )., esXs =1, foreachu € U

0 <x;, <1, foreachsets

+ Add set s to our subset
S

A

1.c With probability of x;.



