Linear Program (LP)

Variables:
 Real numbers = solvable in polynomial time (called LP).
* Integers = not (if P#=NP) solvable in polynomial time

x1 = # of Rippers sold - (called integer linear program — ILP).
X, = # of Ripper Carbons__|

Objective: max10x; + 30x,

Subjectto: x; < 30 e Can be minimization or maximization.
Xy = 20 * Must be linear combinations of variables x;
X1 + X9 < 40

(e.g. ayx; + -+ + a,x,, for constants a;, not a;x;x,).
x1,%xp =0

Constraints:
e Canbe<, > =.
* Must be linear combinations of variables.



Maximum Flow Problem: Suppose we have the flow network below
where each edge is labeled with its capacity. Give an LP whose solution
is an s-t flow of maximum size.
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Maximum Flow Problem: Given a graph G=(V,E) with special nodes s,t
and capacity function c: E — RZ?, an LP for finding the maximum flow:




Maximum Flow Problem: Given a graph G=(V,E) with special nodes s,t
and capacity function c: E — RZ?, an LP for finding the maximum flow:

variables:
objective:

constraints:
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LP Standard Form

Objective:
Subject to:

X1 +X2 +X3 < 40
2X1 +X3 < 60
X1,X2,%x3 =0

\

Objective: max c' x 2|

Subject to: AX/K)b
X =




LP

jective:
ubject to:

»

Objective: max c' x
Subjectto:Ax<b
x=0

X (O X 50K+ AN
S\ Xy <20

Y(%Y?}rﬂg < YO
M; L Xz < QO




LP Standard Form

Objective: max 10x; + 30x, + 15x;

, Objective: max c' x
Subjectto: x, < 20

Subjectto:Ax<b
x=0

Objective: max [10 30 15] l
s A always a square matrix? F) 1 W—xl 20
Silently hold up 1 for yes and 2 for no. : : § X
Then check in with neighbor. Subject to;m Xz = /40
(A3 ¥

X1 01

X21 =10

X3 0.




LP Standard Form (100) )

300
Objective: max100x4 + 300x, \ /
Subject to: x; < 30 Objective: maxtT x*
Xy, < 20 Subjectto:Ax<b
X; + x, < 40 ::: /'x>o’\
xX1,%2 = 0 1 0 30
(o 1)( E (20)
Every LP can be turned into standard form. 1 1 X2 40
1.
2.
3.



LP Standard Form (100) )

300
Objective: max100x4 + 300x, \ /
Subject to: x; < 30 Objective: maxtT x*
Xy, < 20 Subjectto:Ax<b
X, + %, < 40 /x > 0
xX1,%2 = 0 1 0 30
(o 1)( E (20)
Every LP can be turned into standard form. 1 1 X2 40

1. Minimization » Maximization: ?
2. = Constraints —» <:
3. Equality Constraints = <:

4. Unrestricted sign



LP Standard Form (100) )

300
Objective: max100x4 + 300x, \ /
Subject to: x; < 30 Objective: maxtT x*
Xy, < 20 Subjectto:Ax<b
X, + %, < 40 /x > 0
xX1,%2 = 0 1 0 30
(o 1)( E (20)
Every LP can be turned into standard form. 1 1 X2 40

1. Minimization — Maximization:
min ax; + fx,
2. = Constraints —» <:

3. Equality Constraints = <:

4. Unrestricted sign



LP Standard Form (100) )

300
Objective: max100x4 + 300x, \ /
Subject to: x; < 30 Objective: maxtT x*
Xy, < 20 Subjectto:Ax<b
X, + %, < 40 /x > 0
X1, X2 20 1 0 30
(o 1)( E (20)
Every LP can be turned into standard form. 1 1 X2 40
1. Minimization = Maximization: Multiply objective coefficients by -1.
min axq; + fx, = max —ax; — X, X 7 S

2. = Constraints —» <:
3. Equality Constraints = <:

4. Unrestricted sign



LP Standard Form (100) )

300
Objective: max100x4 + 300x, \ /
Subject to: x; < 30 Objective: maxtT x*
Xy, < 20 Subjectto:Ax<b
X, + %, < 40 /x > 0
xX1,%2 = 0 1 0 30
(o 1)( E (20)
Every LP can be turned into standard form. 1 1 X2 40

1. Minimization — Maximization: Multiply objective coefficients by -1.
min axq; + fx, = max —ax; — X,
2. = Constraints - <:?

3. Equality Constraints = <:

4. Unrestricted sign



LP Standard Form (100) )

300
Objective: max100x4 + 300x, \ /
Subject to: x; < 30 Objective: maxtT x*
Xy, < 20 Subjectto:Ax<b
X, + %, < 40 /x > 0
xX1,%2 = 0 1 0 30
(o 1)( E (20)
Every LP can be turned into standard form. 1 1 X2 40

1. Minimization — Maximization: Multiply objective coefficients by -1.
min axq; + fx, = max —ax; — X,

2. = Constraints —» <:
X1t+x, 2«

3. Equality Constraints = <:

4. Unrestricted sign



LP Standard Form (100) )

300
Objective: max100x4 + 300x, \ /
Subject to: x; < 30 Objective: maxtT x*
Xy, < 20 Subjectto:Ax<b
X, + %, < 40 /x > 0
xX1,%2 = 0 1 0 30
(o 1)( E (20)
Every LP can be turned into standard form. 1 1 X2 40

1. Minimization — Maximization: Multiply objective coefficients by -1.
min axq; + fx, = max —ax; — X,

2. = Constraints = <: Negate inequality.
X1+tx,2a—->—x1— X < —«

3. Equality Constraints = <:

4. Unrestricted sign



LP Standard Form (100) )

300
Objective: max100x4 + 300x, \ /
Subject to: x; < 30 Objective: maxtT x*
Xy, < 20 Subjectto:Ax<b
X, + %, < 40 /x > 0
xX1,%2 = 0 1 0 30
(o 1)( E (20)
Every LP can be turned into standard form. 1 1 X2 40

1. Minimization — Maximization: Multiply objective coefficients by -1.
min axq; + fx, = max —ax; — X,

2. = Constraints = <: Negate inequality.
X1+tx,2a—->—x1— X < —«

3. Equality Constraints = <:
X1 +Xy =0«

4. Unrestricted sign



LP Standard Form

Objective: max100x4 + 300x,
Subject to: x; < 30

(o) ()
N\,

Objective: maxtT x*

Xy, < 20 Subjectto:Ax<b
X1 + xy < 40 /'x>o’\
X1, X2 20 1 0 30
(-3
Every LP can be turned into standard form. 1 1 *2 40
1. Minimization = Maximization: Multiply objective coefficients by -1.
min axq; + fx, = max —ax; — X,
2. = Constraints = <: Negate inequality.
X1+X, 2 a—->—x1— Xy Sip
3. Equality Constraints =< ce.= and-< constraints.
X1+ x, = @ndm+xz <a
4. Unrestricted sign



LP Standard Form

Every LP can be turned into standard form.
1.

3.

4.

Objective: max100x4 + 300x,
Subject to: x; < 30

Xy, < 20

x1+x, <40

X1,X2 =0

(o) ()
N\,

Objective: maxtT x*
Subjectto:Ax<Db
Jaz0\

¢ )e=()

Minimization = Maximization: Multiply objective coefficients by -1.

min axq; + fx, = max —axq
=> Constraints — <: Negate inequality.
X1+Xxp 20— —Xx1—X <~

— Bx;

Equality Constraints = <: Introduce = and < constraints.
X1+X2 =a—>x1+x2 Zocandx1+x2 < a

Unrestricted sign x4



LP Standard Form

Every LP can be turned into standard form.
1.

3.

4.

Objective: max100x4 + 300x,
Subject to: x; < 30

Xy, < 20

x1+x, <40

X1,X2 =0

(o) ()
N\,

Objective: maxtT x*
Subjectto:Ax<Db
Jaz0\

¢ )e=()

Minimization = Maximization: Multiply objective coefficients by -1.

min axq; + fx, = max —axq
=> Constraints — <: Negate inequality.
X1+Xxp 20— —Xx1—X <~

— Bx;

Equality Constraints = <: Introduce = and < constraints.
X1+X2 =a—>x1+x2 Zocandx1+x2 < a
Unrestricted sign x;: Introduce x; = 0, x{ =0



LP Standard Form

Objective: max100x4 + 300x,
Subject to: x; < 30

;/l/\\\l/\ §-7<(+7<Z_

SR I

N/

Obijective: maxtT x*

X, < 20 Subjectto:Ax<b
X1 + X, < 40 /'x>o’\
X1, X2 20 1 0 30
(-3
Every LP can be turned into standard form. 1 1 X2 40
1. Minimization - Maximization: Multiply objective coefficients by -1.
min ax; + Bx, & max —ax; — fx O SO
2. = Constraints = <: Negate inequality.
X{+x,=>a—> —x;— %Xy < —a (O o
3. Equality Constraints = <: Introduce = and < constraints. \ W
X1+xy=a->x;+x,=aandx; +x, <« %l’;‘\’(\gx‘
4. Unrestricted sign x;: Introduce x; =0, x{ =0 - <D

Change constraints x; + x, <a - x; —x;{ +x, < «



LP Standard Form

Every LP can be turned into standard form.
1.

3.

4.

Objective: max100x4 + 300x,
Subject to: x; < 30

Xy, < 20

x1+x, <40

X1,X2 =0

(o) ()
N\,

Objective: maxtT x*
Subjectto:Ax<Db
Jaz0\

¢ )e=()

Minimization = Maximization: Multiply objective coefficients by -1.

min axq; + fx, = max —axq
=> Constraints — <: Negate inequality.
X1+Xxp 20— —Xx1—X <~

— Bx;

Equality Constraints = <: Introduce = and < constraints.
X1+x,=a->x;+x,=2aandx; +x, <« how to recover x; ?
Unrestricted sign x;: Introduce x; = 0, x{ =0
Change constraints x; + x, <a - x; —x{ +x, < «



LP Standard Form

Every LP can be turned into standard form.
1.

3.

4.

Objective: max100x4 + 300x,
Subject to: x; < 30

Xy, < 20

x1+x, <40

X1,X2 =0

(o) ()
N\,

Objective: maxtT x*
Subjectto:Ax<Db
Jaz0\

¢ )e=()

Minimization = Maximization: Multiply objective coefficients by -1.

min axq; + fx, = max —axq

— bx; A = H ey

=> Constraints — <: Negate inequality.
X1+x,=a—> —x—x; < —a =B (o Shein
Equality Constraints = <: Introduce = and < constraints. How much
X1+Xxo=a—->x1+x,=2aandx; +x, < «a bigger did we
Unrestricted sign x;: Introduce x; = 0, x{ =0 make our LP?

Change constraints x; + x, <a - x; —x{ +x, < «



Primal and dual linear programs



Primal and dual linear programs

Primal Dual
Objective: max@ Objective: minb'
Subject to@x S Subject to(ATly = €

x =0 y=0




Primal and dual linear programs

Primal

Objective:
Subject to:

max x1 + 300x2
X1 S
2 Xy = %

Dual

_Objective:

Subject to: ATy > ¢
y=0

Objective: (V) 14 % O\J) ,VZ/DY?,"’&P O\/g
Subject to: \/ ‘ I \j 5 >\ e
Jrtyy T 200

U\()V)’b)\ﬁ’pao



Primal and dual linear programs

Primal Dual
Objective: max c"x Objective: min bTy
Subjectto:Ax<Db Subject to: ATy > ¢
x=0 y=>0
Objective: max 100x; + 300x, Objective: min 30y, + 20y, + 40y;
Subjectto: x; <30 Subjectto:  y; +y; =100
XzSZO 34 +y32300
X1+ %, <40 Y1, Y2, Y320

X1,%X, =0



Primal and dual linear programs

Primal Dual
Objective: max@ Objective: mi@
Subject to: Ax < Subject to: ATy >¢
x=0 y=0

Strong Duality Theorem: If x"is an optimal solution for theprim}

—

then there is an optimal solution y* for its dual such that

T —yb//




x1 = # of Rippers sold in a day
X, = # of Ripper Carbons sold in a day
x3 = # of Ripper Jrs sold in a day

Objective: max 10x; + 30x, + 15x5
Subjectto: x, < 20

X1+ x, +x3 <40

2x1 +x3 < 60

X1,X2,xX3 =0



x1 = # of Rippers sold in a day
X, = # of Ripper Carbons sold in a day
x3 = # of Ripper Jrs sold in a day

Objective: max 10x; + 30x, + 15x5
Subjectto: x, < 20

X1+ x, +x3 <40

2x1 +x3 < 60

X1,X2,xX3 =0

Linear combinations of
constraints are also valid
constraints!



(> 4 of R dinad Linear combinations of
X1 =#0O R!ppers >oldina ay. constraints are also valid
X, = # of Ripper Carbons sold in a day constraints!

x3 = # of Ripper Jrssoldinad
* LA 2wy €40

e

Objective: max
Subjectto: x, <20 LD
X1+XZ+X3S4O B AJ[_\?D KZ —
< .

X1,X2,xX3 =0

lg*(&—%OXZ‘l‘\\’\&a quD
(O + 2012 +\T ¥, ¢ Y00



Objective: max 10x; + 30x, + 15x5

Subjectto: x, < 20 A
X1 + X2 + X3 <40 B
le + X3 < 60 C

Multiplier | Constraint

V1 xy; < 20

Vo X1+ x5 +x3 <40
V3 2x1 +x3 < 60

y1(Constraint_A) + y,(Constraint_B) + y;(Constraint_C)




Objective:
Subject to:

max 10x4 + 30x, + 15x;

XzSZO A
x1+xZ+X3S4O B
ZX1+X3S6O C

Multiplier | Constraint

V1 X, < 20

Vo X1+ X +X3 = 40
V3 2x1 +x3 < 60

If:

Va2 +2y3 =
y1+y2230
Vo +y3215

Y1,¥2,¥3 =0




Objective: max 10x; + 30x, + 15x5

Subjectto: x, < 20 A
X1 + X2 + X3 <40 B
le + X3 < 60 C

Multiplier | Constraint

V1 xy; < 20

Vo X1+ x5 +x3 <40
V3 2x1 +x3 < 60

y1(Constraint_A) + y,(Constraint_B) + y;(Constraint_C)
V1Xo + YoXxq1 + YoXo + YoX3 + 2y3x1 + y3x3 < 20y; + 40y, + 60y;
(Y2 + 2y3)x; + (y1 + ¥2)x3 + (y2 + ¥3)x3 < 20y; + 40y, + 60y3
1OX1 + 3OX2 + 15x3 < 20y1 + 40y2 + 60)/3; If:

Need to find valid y;’s.

V2 +2y3 > 10

y1+y2230
V2 +)73215

Y1,¥2,¥3 =0




Objective: max 10x; + 30x, + 15x5

Subjectto: x, < 20 A
X1 + X2 + X3 <40 B
le + X3 < 60 C

Multiplier | Constraint

V1 xy; < 20

Vo X1+ x5 +x3 <40
V3 2x1 +x3 < 60

y1(Constraint_A) + y,(Constraint_B) + y;(Constraint_C)
V1Xo + YoXxq1 + YoXo + YoX3 + 2y3x1 + y3x3 < 20y; + 40y, + 60y;
(Y2 + 2y3)x; + (y1 + ¥2)x3 + (y2 + ¥3)x3 < 20y; + 40y, + 60y3
1OX1 + 3OX2 + 15x3 < 20y1 + 40y2 + 60)/3; If:

N

Need to find valiw

y1 = 10,y, = 20,y3; = 10 = objective < 1600

V2 +2y3 > 10

y1+y2230
V2 +)73215

Y1,¥2,¥3 =0




Objective: max 10x; + 30x, + 15x5

Subjectto: x, < 20 A
X1 + X2 + X3 <40 B
le + X3 < 60 C

Multiplier | Constraint

V1 xy; < 20

Vo X1+ x5 +x3 <40
V3 2x1 +x3 < 60

y1(Constraint_A) + y,(Constraint_B) + y;(Constraint_C)
V1Xp + YoX1 + YoXo + yox3 + 2y3x1 + y3x3 < 20y + 40y, + 60y3

(y + yy)x, +

X3 < 20y1
0x; + 30x, + 153K 20y, + 40y, + 60y5  If:

V2 +2y3 > 10

Need to find best y;’s.

y1+y2230
Vo +y3215

Y1,¥2,¥3 =0

~—_

~—_"




Obijective: max 10x; + 30x, + 15x5 Multiplier | Constraint
Subjectto:  x, <20 A Y1 Xy < 20
X1 +x;+x3=40 B Va2 X1 + X + x5 < 40
2x1 +x3 = 60 C V3 2x1 + x3 < 60

y1(Constraint_A) + y,(Constraint_B) + y3(Constraint
Y1X2 + Y2X1 + YaXp + YoX
(2 + 2

Ne<ato find best y;’s.

V2 +y3 > 15
Y1,Y2, Y3 =0




Objective: max 10x; + 30x, + 15x5 Objective:

Subjectto: x, < 20 A Subject to:
X1 + X2 + X3 <40 B
le + X3 < 60 C

y1(Constraint_A) + y,(Constraint_B) + y;(Constraint_C)
V1Xp + YoX1 + Yoxo + yox3 + 2y3xq + y3x3 < 20y1 + 40y, + 60y3

(2 + 2y3)x1 + (y1 + 20}’1 + 40y, + 60y3
1OX1 + 30X2 + 15x3 < 20y1 + 40y2 + 60y3 V2 + 2y3
y1+y, =30

Neod to find valid Y2 +y3 =15
: %, . y1,¥2,y3 =0
Need to find best y;’s




Dual

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x=0 y=>0
Objective: max [10 30 15] [xz] Objective: min [20 40 60] [ ]
X
0 1 0][*1 203 0 1 2]
Subjectto:|1 1 1 < 140 Subjectto:|1 1 0 )’2 2[30]
2 0 111x3 60 0 1 1. 15
X1 07 V1 0]
X2| = [O YZ] =10
| X3 0. V3 0.




Dual

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x=0 y=0

Theorem: The dual of a dual is the original primal.

Proof: ?



Dual

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x=0 y=0

Theorem: The dual of a dual is the original primal.

Proof:
Objective: min bly
Subject to: AT o
y =

Standard Form




Dual

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x=0 y=0

Theorem: The dual of a dual is the original primal.

Proof:
Objective: min b'y Objective: max -b'y Objective: min —c' z Objective: max c'z
i ATy > Subject to:-ATy < - T i A7 <
Subject to: ATy > ¢ =P Subject to y<-c - Subject to: AT 2> -b = Subjectto:Az<b

y=>0 y=0 z=>0

z>0

Standard Form Dual Standard Form




Dual

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x =0 y=0

Theorem: If X is any feasible solution to the primal and y is any feasible
solution to the dual, thenc™x < b'y.

Proof:



Dual

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x =0 y=0

Theorem: If X is any feasible solution to the primal and y is any feasible
solution to the dual, thenc™x < b'y.

Proof:



Dual

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x =0 y=0

Theorem: If X is any feasible solution to the primal and y is any feasible
solution to the dual, thenc™x < b'y.

Proof:

X < (ATY)TX

Since ATy > ¢



Dual

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x =0 y=0

Theorem: If X is any feasible solution to the primal and y is any feasible
solution to the dual, thenc™x < b'y.

Proof:

cTX < (ATY)TX = (YTA) X

Since transpose of multiplication is
multiplication of transposes (reversed)



Dual

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x=0 y=0

Theorem: If X is any feasible solution to the primal and y is any feasible
solution to the dual, thenc™x < b'y.

Proof:

X< (ATY)TX=(FTA) X =77 (AX)

Matrix multiplication is associative.



Dual

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x =0 y=0

Theorem: If X is any feasible solution to the primal and y is any feasible
solution to the dual, thenc™x < b'y.

Proof:

X< (ATY)'R=(yTA) X =Yy (AX) <y b

SinceAx<Db



Dual

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x =0 y=0

Theorem: If X is any feasible solution to the primal and y is any feasible
solution to the dual, thenc™x < b'y.

Proof:

X< (ATY)TX = (YTA) X =V (AX) <y b=bTy

Since b and y are 1-dimensional vectors.



